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§1: Introduction and motivation

Our starting point of these notes are two observations:

1. By the Rellich-Kondrachov Theorem, we know that if Q C R? is a bounded domain with C!
boundary, then we have:

Theorem (RK). Given p,q € [1, o0) satisfying % > %—%, then the embedding W'?(Q) —
L1(Q) is compact.
2. The special case of the above compactness theorem, where p = g = 2, is used frequently in the
study of weak solutions of elliptic PDEs. Specifically, noting that the solution operator L;,l for

a problem provides a continuous mapping L? — H{, this allowed us to apply the theory of
compact operators on L? to develop Fredholm theory. And as we saw in class, a large part of the
application of compactness is the extraction of convergent subsequences.

Our goal is to further explore these topics. The main question we hope to address is the following:

Question. In class (and in your homework), we have already shown that both the bound-

edness of the domain Q and the strictness of the inequality g < [;% is required for the

compactness of the WP < L7 embedding. (We will recall these below.) Is there a way to
overcome these two issues and get some remnant of compactness?
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Specifically, we want to examine whether some degree of compactness remains in the
WL2(R?) — LI(R?) embedding, for q € [2, %); and whether some degree of compactness

remains in the W!2 < L9 embedding for g = dz—flz

It turns out that these questions can be answered by the powerful machinery of concentration com-
pactness, which was originally formulated by P.L. Lionsﬂ The method has since then gained traction
as a powerful tool in the study of nonlinear partial differential equations. The functional analytic
foundations of the method is discussed in detail in the book by Tintarev and Fieselelﬂ In these notes
we will present a simple example of the theory, focused on the space H'(Q).

§1.1 Model problem.— To make our discussion more concrete and focussed, let’s think about the
following problem.

Model Problem. Let () be a domain, and let g be an admissible exponent such that the
Sobolev embedding H'(Q) < L1(Q) holds. Recall that this states: there exists C > 0 such
that for every u € H'(Q)), we have

lullzaq) < Cllullg(q)-

Let C, denote the infimum of all C for which the Sobolev inequality holds; this is a well-
defined positive number. We wish to ask: does there exist a non-trivial u, € H'(Q) such that

e = Cillwdlan@)?

We call such an u, an optimizer for the Sobolev embedding.

Theorem 1.1. Let d > 3 and let Q C R? be bounded, then there is an optimizer for the H&(Q) — L1(Q)
embedding when q € [2, dz__dz) Additionally, if Q) has Ct boundary (so it is an extension domain), then there

is an optimizer for the H'(Q) < L9(Q) embedding.

Proof. The proof of the case where Q) is an extension domain is mostly the same as the first case, so we
will just do the first case for brevity.

We have the following characterization of C,. Note that if C is such that the Sobolev embedding holds,
then we have

C ™ lullza

for all u # 0. In other words, % is a lower bound for the set

1 _ Il

{llulls = w € H (Q), o =1,

By definition, & is the greatest such lower bound, and hence

1 .
== 1nf{||u||H1 cue HYQ), lullp = 1}.

*

IThe method actually predates Lions, and have seen several uses by people solving individual problems. Lions is generally
credited with recognizing the common thread behind those techniques and formulating it as an abstract principle. See his
series of papers, all titled “The concentration compactness principle in the calculus of variations” in 1984-1985.

2K. Tintarev and K.-H. Fieseler, Concentration Compactness: Functional-Analytic Grounds and Applications, Imperial College
Press (2007).
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By the definition of infimum, there must then exist a sequence {u;} of Hé functions, with ||uy||ps = 1
for every k, such that lim |[uy||g1 = CL This convergence implies that {u;} is bounded in H&.

By the Banach-Alaoglu Theorem, norm bounded subsets in a Hilbert space is weakly pre-compact,
and hence there exists a subsequence (which we will by abuse of notation also call {u;}) that weakly
converges to an element u, € H& (Q). Notice that

0 < liminfjug — ] = liminf(lluk||2 2 1) + ||u*||2).

Using that weak convergence guarantees
lm g, ) = ]
we find as a conclusion, the well-known fact that for weakly convergent sequences in a Hilbert space

2 s 2
u <liminf|lu . 1.2
Il el (1.2)
As by construction {1} is a minimizing sequence, we find

il < ~
u, Hol_a

By the Rellich-Kondrachov Theorem, some further subsequence (which again we still write as {uy}
will converge strongly in L9, call the limiting function . Since g > 2 and Q is bounded, we must
have that u; — i strongly also in L2. Then it follows that u; converges weakly to 7 in L? also. On
the other hand, given any g € L?, by the Riesz representation theorem there exists § € Hj such that
(v,gN)Hé = IQ vg. Thus we see that as uy converges weakly to u, in Hé, we also have uy converging

weakly to u, in L2. But the uniqueness of weak limits then states that u, = .

The strong convergence in L7 shows therefore that ||u,||;s = 1. By definition of C* we must have then

ity >

Ul = c

Using our earlier conclusion, we combine to find that |[u,]| HL = CL and hence is the optimizer that we
seek. O

Remark 1.3 (Connection to PDEs). One may wonder: what does the model problem have to do with
partial differential equations? As discussed in the proof above, the optimizer u, is the minimizer for
the constrained problem “minimize ||u||g1 for u € H(}(Q) under the constraint that ||u||;¢ = 1.” If this
problem seems familiar to you, it is because we’ve in this class dealt with a similar problem before.

Previously we studied the eigenvalue problem for elliptic operators. And using Rayleigh’s formula, we
were about to formulate the problem of finding the principal eigenvalue and eigenfunction of the
Laplacian to a similar minimization problem. More precisely, Rayleign’s formula give the principal
eigenvalue A, and principal eigenfunction u; of the operator —A on a bounded domain () by casting
it as the minimization of ||Vu||;2 under the constraint ||u||;2 = 1. Recall further that this can be
interpreted as finding a weak solution to the partial differential equation —Au = Au for u € H&.



Compactness and Non-compactness MTH 849: PDE2

It turns out that the model problem above is similarly related to a nonlinear PDE. Knowing that the
minimizer u, exists, by Fermat’s principle together with Lagrange multipliers, we know that there
exists a A such that for any v € H},

. 1 2 %12
tim (. + 501, s + Al + 501y = Al ) = 0.

(Here A is the Lagrange multiplier, and we write the constraint as ||u||?ﬂ =1, and the quantity to
minimize as ||u||1211 .) Using that

e, + svII2,1 = N2 + 20017, + 2sfvm Vv +uv dx

and
i, + svll%, = fa ], +qsf|u*|q-2u*v +0(s?)

we see that u, being the constrained minimizer is equivalent to requiring
JZVu*-Vv+2uv+/\q|u*|q_2u*v dx=0 (1.4)

for every v € H(}, with the additional requirement that ||u,|[;s = 1. This equation can be interpreted as
asking for u, to be a weak solution to the nonlinear elliptic problem

_ @ q9-24 —
Au*+u*+2|u*| u, =0 (1.5)

u*l&Q =0

Indeed, the techniques illustrated in these notes can be useful for solving similar nonlinear ellip-
tic problems that admit variational formulations. Some of the historical highlights of this line of
arguments include the solution of the Yamabe Proble and the Sacks-Uhlenbeck Theore

Remark 1.6. An interesting consequence is the following: Let U,V be bounded connected open
domains with C! boundary, with U ¢ V (and so that V \ U contains an open set). Then the sharp
constants C, iy and C, y in the Sobolev embedding H(} < L1 has the relationship C, ; < C, y.

The non-strict inequality follows from the description

g = nf{lulln s € B (@), s =1).

Noting that if u € H} (U), extending u by zero across the boundary we get a function i € Hy (V). So the
infimum over V must be smaller, and so we have Cl—U > Cl—v This is essentially also what you proved

on Problem 7 of Problem Set 5 of this course, for the eigenvalues.

To get the strict inequality: suppose that the two values were actually equal. This means that an
optimizer for the U problem is also an optimizer for the V problem. Let u, ;; be the optimizer, which

3See, T. Aubin, "Equations différentielles non linéaires et probléme de Yamabe concernant la courbure scalaire”, J. Math.
Pures Appl. (1976), or T. Aubin, Some nonlinear problems in Riemannian geometry, Springer (1998).
4]. Sacks and K. Uhlenbeck, “The Existence of Minimal Immersions of 2-Spheres”, Annals of Math. (1981)
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we think of as an optimizer for the V problem that vanishes on V \ U. Looking at the nonlinear problem
(1.5), we see that when u,y ~ 0, we can regard u, iy as satisfying an expression of the form Lu, ;y =0
where 3
L=-A+1+ q—lu*lq‘z.
2
S —g
>0
The positivity of the “c” term means we can apply the strong maximum principle. But now we run
into trouble in a neighborhood of V \ U since the function vanishing on an open set implies it must
vanish everywhere. This leads to a contradiction as u, ;; has L7 norm 1. So the inequality must be
strict: that u, ;y cannot actually be an optimizer for the problem in the larger domain.

In the proof of the theorem above, we showed that if u; — u in Hé then up — u in L9. The argument
given there can be abstracted as the following Lemma. We record it here since this argument will be
used many times in the sequel.

Lemma 1.7. Let X, Y be reflexive Banach spaces, and T : X — Y a compact operator. Then x; — x implies
Tx — Tx.

Proof. Since x; converges weakly, the sequence must be norm bounded (uniform boundedness princi-
ple). Therefore by the compactness of T, the sequence Tx; has a convergent subsequence Txg, —>yey.

On the other hand, letting ¢ € Y*, the adjoint operator T*: Y* — X* is continuous, and we have that
@(Txx) =T @(xx) = T*@(x) = p(Tx) by weak convergence of x; — x, so Tx is also a weak limit of Tx.

Since strong limits are weak limits, and weak limits are unique, this means that Tx = y.

Now, instead of applying this argument to x;, we apply it to any subsequence of xy, this shows that any
subsequence of Tx; has a subsequence convergent to Tx. Standard metric space theory then shows
this means Tx;, — Tx. O

In the remainder of these notes, we will try to answer the existence problem for the optimizer of
Sobolev embedding after relaxing the conditions. First we will relax the condition that Q) is bounded.
Secondly (if time permits) we will relax the condition that g < % and study the limiting case g = dz__dz_
For historical reference, the codification of the concentration compactness argument for studying

Sobolev embeddings was due to Gérar

Remark 1.8 (Notation for sequences). In the following, to simplify notation, we will use i to denote a
sequence, and u; to denote its individual terms. Given a strictly increasing function ¢ : IN — IN, we
will denote the subsequence traditionally labeled as {”Cj} also by the notation i/ o C. The individual
terms of this subsequence may be referred to as either uc;) or uc ; the former can become easier to use
when handling nested subsequences.

§2: Non-compactness from translations

We will first tackle the question of the comdpactness of the Gagliardo-Nirenberg-Sobolev embedding
2

H'(RY) — L1(R?). Here d > 3 and q € [2, 75). Now, this embedding is known to be non-compact.

5P. Gérard, “Description du défaut de compacité de I'injection de Sobolev”, ESAIM Control Optim. Calc. Var. 3 (1998).
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Example 2.1. Let uy € C=(B(0,1)) be chosen with |Jug|l;e = 1. Let x; = (24,0,0,...,0) € R?. Set
u;(x) = ug(x —x;). Then if i # j, the functions u; and u; have disjoint support, and so [|u; — uj||rs = V2,
therefore the sequence i has no Cauchy subsequences in L. On the other hand, by construction we
have ||u;]|1 = [|ug|lg so the sequence is bounded in H! (R?). This shows that the Gagliardo-Nirenberg-
Sobolev embedding cannot be compact.

Now, returning to the Proof of Theorem [I.1} we see that this poses the main difficulty in constructing
an optimizer for the embedding problem. The Banach-Alaoglu step holds for general Hilbert spaces
and doesn’t care that our underlying domain is non-compact. And the uniqueness of the weak limit is
also generally true. At issue is that we may not have a strong limit in L, due to the lack of compactness.
Our discussion in this section will show that if we somehow “compensate” for the non-compactness
arising from translations in RY, we can regain the existence of strong limits in L7 and thereby obtain
the existence of an optimizer.

§2.1 Weak convergence modulo translations.— Our goal is to compensate for the non-compact
translations, so we start by defining a weak convergence concept that quotients out translations.

Definition 2.2. Given a function u : R? - IR, we denote by 7yu(x) := u(x—y) its translation by .

Given a sequence i of functions on R?, and 7’ a sequence of points in IR?, by 751 we will understand
the sequence of functions whose individual terms are 7, 1.

Definition 2.3 (7-weak convergence). Given a sequence i in H'(R?), we say that the sequence
converges weakly modulo translations to a function u, or that the sequence converges t-weakly to u, or

in symbols 1 Sou, if for any @ € H!, we have

lim sup (ug —u, 7,¢) = 0.
k_)ooyele

Here (f,g) = fo-Vg+fg is the H! inner product.

Proposition 2.4. u Su if and only if for every sequence i in R?, the sequence whose terms are Ty, (g — 1)
converges to 0 weakly.

Proof. Ty (up—u)—=0 < Ve({r,(ue—u)p)—>0 — Vol —u,t,¢)=0.
For each ¢, there exists a sequence 3 such that

1
sup(ug —u, T,@) — (ug — 1, Tyz)(p> < T
yeRd

Therefore V' 7, (ux —u) = 0 = uy S

The reverse implication follows from observing that for any sequence ¥, it holds from definition that
(g _urT—yk(P> S SupyeIRd<”k _urTy(P>- O

Corollary 2.5. If uy Su, then Up — U.
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Proposition 2.6. Given uy — 0, if the sequence ¥ does not converge to infinity, then there exists a
subsequence indexed by C : IN — IN such that Ty el = 0.

Proof. First, we note that weakly bounded sequences are bounded, and so i is a bounded sequence.

By Bolzano-Weierstrass, if ¥ does not converge to infinity, then it contains a convergent subsequence
7oL — y. Since translations act continuously on H!, we have that for every ¢ € H!, Ty )@ = Tp®

strongly. Using that (Tyc(j)uc(j), Q)= <”C(j)rT—y¢(j)‘P>l we get
Kutz iy Ty P < Kt gy Ty @+ Kt )y Ty @ = Ty P

The first term converges to zero due to the assumed weak convergence u; — 0. The second term
converges to zero since # is uniformly bounded and Ty )P = T @ strongly. O

The requirement that 3’ does not converge to infinity is important.

Example 2.7. Let uy = 7, ug be as in Example then uy — 0. Let y, = —x;, then 7, uy = ug is the
constant sequence, and hence has no subsequence that converges weakly to zero.

This also shows that the converse of Corollary [2.5]is false.
On the other hand, we have the strong convergence implies T-weak convergence.

oy . T
Proposition 2.8. Given uy — u, then up — u.

Proof. We use that norm convergence is translation invariant, and so uy > u = 1, (uy —u) - 01in
norm, and hence weakly, for any sequence ¥. By Proposition this proves the proposition. O

Example 2.9. The converse of the above proposition is false. Let uy be as in Example recall that
they have pairwise disjoint support. Define

1 k
V= — u;.

Due to the pairwise disjoint support, we have that |[vi||g1 = |[ugllg1, and so clearly vi £ 0.

I claim however that vy 50, Let @ € H', and € > 0. There exists a ball B of radius R sufficiently large
such that [|@[|g1(pc) < €. By construction, any translations of this ball B can fit at most R/2 of the u; in
it simultaneously. And so we have

W Ty 9) = W (1, 0)e,8) + Vs (4,9, )
The first term is bounded by
< R
vk (Ty@)e,B)l < Z_VEH”OHHI Il

The second term is bounded by
vk (7 0)e, 53] < Ilugllsr .
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So first choosing € sufficiently small, and then choosing k sufficiently large to compensate for R, we
see that [(vg, T,@)| can be made arbitrarily small (for sufficiently large k), independently of y. This

shows exactly that vy =o.

Example 2.10. Observe however, that the functions vy converges strongly to 0 in L4, for g > 2. Indeed,
using the disjoint support condition, we have

k
1 1
loelify = ) rorllujli = iz luollls 0.
j=1

The previous example provides some evidence for the following theorem, which is the main result
of this section. It indicates that the notion of T-weak convergence in H' is intimately tied to strong
convergence in L.

Theorem 2.11. Let if be a bounded sequence of H'(R?) functions. Then the following two statements are
equivalent:

1. uk—T\O;

2. ||lugllra — 0 for some g € (Z,dz—_dz).

Proof that 1 = 2. This proof is using essentially the same argument that appeared in the previous
example.

We will divide up R? into a countable collection of disjoint unit cubes Qy, indexed by p € N. Given a

function f : R? — IR, we will denote by 7, f its restriction to Q,. We observe the following, due to the
disjoint nature of the cubes:

1/2
. _ 2 .
1l ey = (i f B o)
g 1/q
W sy = (Zp e o)

Additionally, we have that on each of the unit cubes, we can apply Sobolev embedding: there exists
some constant C such that ||, fllzs < Cllr,, fllg1-

Now consider the function u;. We have, since 2 < g < oo, we can apply Holder’s inequality to obtain
the interpolation

1/q
||uk||L‘7(IRd) = [Z”nyuk”g‘](g‘)]
7

1/q
< [Z”"ﬂuk”IZ,q(Qp)] [SUP”n”ukHLq(QM)]
T Iz

1-2/q
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and now by Sobolev embedding on the terms inside the first brackets

1/q 1-2/q
<[ Linutig,| (et
T M

1-2/9
2 2/
<C /qlluklle(le)[supllﬂu”kHM(Q,,)] :
p

By hypothesis, we have that ||u||1 is uniformly bounded. Therefore to prove our desired conclusion,
it is enough to show that
supllrc#uklqu(QF) — 0. (2.12)
M

Now, for each uy, there exists a cube Q,,, such that

1
170 llLa(Q,,) = ) S‘;P Impuillagg,)

by the definition of the supremum. Let yi be such that 7, brings the cube Q,, to the location of Qy,
so that

T Ty Uk = Ty, T(Ilk Ug.

Now consider the sequence 7y, u: by our hypothesis u . 0and hence Ty Uk — 0, and hence 711 7 up —
0. On the other hand, since Q; is a bounded domain, we know that the embedding H'(Q;) < L1(Q;)
is compact, and hence by Lemmawe have that ||rt; 7, ugllpg — 0. By construction, as ||ty 7, uk|lps =
ll7e,u, ukllLe > %sup” lI7t,, uxllza, this shows (2.12) holds as desired. O

Proof that 2= 1. Let {y;} be an arbitrary sequence in R?. Let {vj} be an arbitrary subsequence of

{7y, ur}. By Banach-Alaoglu, {v;} has a weakly convergent subsequence in H'; let v denote said weak
limit. Let A be some round ball. Applying Rellich-Kondrachav and Lemma (using that v; — 0
strongly in L7) we see that v|4 = 0.

Now given ¢ € Hé (A), extended by 0 to the exterior of A, consider the sequence of numbers (yif, ¢).
The argument given in the previous paragraph shows that any subsequence of this sequence has a
further subsequence that converges to 0. This shows that this sequence converges to 0. Now using
that H! functions of compact support is dense in H!, we see this shows that Tyl converges weakly to

zero. Since ¥ is arbitrary, by Propositionthis shows that uy ~o. O

Corollary 2.13. If a sequence of H'(R?) functions iy X u, then uy converges to u strongly in L1(IR?) for
2d
any q € (2, 755).

§2.2 Cores and profiles.— In view of Corollary our next task is to clarify under what situations

can we obtain T-weak convergence of a derived sequence, starting from a bounded sequence of H'(IR%)
functions. The following example shows that the situation can be complicated.



Compactness and Non-compactness MTH 849: PDE2

Example 2.14. Fix uy € C;°(B(0,1)). Consider a sequence of points xj € R diverging to infinity. Now
define a sequence of functions
U = Uy + Ty, Ug-

I claim that this bounded sequence has no t-weak limit.

Indeed, were u, the t-weak limit of u, then u, — u, necessarily, which would imply that u, = u,
(using that x; diverges to infinity and so 7, 1o — 0). However, 7_, (uy —ug) = ug #~ 0. This show that
bounded sequences need not have 7-weak limits. In fact, our construction shows something stronger:
not only does {uy} have no T-weak limits, there are no subsequences of {uy} with t-weak limits.

In the preceding example, the lack of T-weak convergence is essentially due to a “portion” of the
sequence u; “moving away to infinity in a coherent way”. One can generalize this situation to
having countably many parts that diverge to infinity at different rates. This motivates us to our main
construction.

Definition 2.15 (t-core). By a t-core we refer to a sequence (50f the form ¢y = 7, ¢, where ¢ z 0.
Here the fixed function ¢ is called the shape of the core, and the sequence ¥ its progression.

Definition 2.16 (7-equivalence of cores). Given two t-cores ({; and 1/_;with shapes ¢ and ¥ and

progressions 7 and Z respectively, we say they are T-equivalent, denoted ¢ ~ 1, if 7'~ Z is convergent
with limit w, and that 7,,¢ = 9.

Below we will use the usual notation for equivalence classes: [(5] = {1,[7 1}7; ¢}.

Remark 2.17. As a direct consequence of the definition, whenever (5; gl_;, we also find 5— 1,[7—) 0

strongly in H'. Additionally, note that if 4;) ~ 1,3 and letting ¢ and ¥ be their respective shapes,
necessarily ||¢|| = ||¢p|| for any 7-invariant norm on functions. This means that it is meaningful to write

||[(j;]|| for the norm of an equivalence class of 7-cores.

We have required above that 7-cores be necessarily a non-trivial sequence. This is because that in

H!, the only function satisfying 7, f = f with w # 0 is the zero function. And so given a 7-core $and
a choice of shape ¢, the corresponding progression ¥ is uniquely determined. (One can of course
translate each y; by a fixed vector —w, and select 7,,¢ as the shape; this defines the same t-core just
with a different parametrization.)

An important property of equivalence is the following:

Lemma 2.18. Let q?cmd Jbe equivalent T-cores, with shapes ¢, and progressions v, Z respectively. Suppose
a bounded sequence it of H' functions is such that t_it — ¢, then T_zif — .

Proof. Let v € H!. Denote w = - Z; t-equivalence implies that wy — w. Our hypothesis states that

(T =Pv) >0 = (T4, T

<T—Zk Up — ka (P’ kaV> -0 = <T—Zk Uk — l)b’ kav> + <IP - ka (l)’ kav> -0

uy—p,v)y >0 =

The second term converges to zero since 7, ¢ — 1 strongly by assumption. Similarly, since 7, v — 7, v
strongly, we conclude then

<T*Zk U — 1, TwV> -0

10
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and since v is arbitrary the conclusion follows. O

Next we define the opposite concept to equivalence.

Definition 2.19 (7-orthogonality of cores). Two 7-cores gi?and lﬁare said to be T-orthogonal, denoted

nas . . . — — . e .
¢ L lﬁ, if their respective progressions j and z satisfies lim [y — zx| = +o0.

The following lemma is immediate.

—>T—>/

Lemma 2.20. Given qg)JT_ , and cﬁ’ & (Eand W' & 1, then ¢ 1L
well-defined notion for equivalence classes of T-cores.

also. In other words, t-orthogonality is a

As seen in Example we want to use this notion of cores to capture the situation where the
sequence i/ is made up of several coherent parts that are flying apart from each other. This motivates
the following definition.

Definition 2.21 (t-profile). A t-profile P is a set of pairwise t-orthogonal equivalence classes of
T-cores.

Definition 2.22 (Subordinance). We say that a t-profile P is subordinate to a bounded sequence i of
H! functions if, for everyﬂ [5] € P with progression y; and shape ¢, we have ©_, uy — ¢.

Denoting by P[if] the set of all T-profiles subordinate to i/, we can partial order the elements by
inclusion. An element P € P[if] is said to be maximal if it is an maximal element with respect to this
partial order.

In general, T-profiles can contain many elements. For example, let y, be a fixed non-vanishing vector.
Observe that if A # v € R, then setting z; = kAy, and z; = kvy,, we find that lim|z; — z;| = +co. So for
any fixed ¢, the T-cores ¢ = 7, ¢ and ¢ = T, ¢ are t-orthogonal. This allows us to build a profile
with uncountably many elements.

It turns out, however, that if the profile is subordinate to a bounded sequence i of H! functions, then
necessarily the profile has at most countably many elements, and that it enjoys a certain degree of
boundedness.

Lemma 2.23. Given a bounded sequence {u;} of H' functions and P a subordinate t-profile, then P is

countable and’) .
Y M@Z, < limsup gl
[pleP

Proof. We use the following fact that is deeply tied to the Hilbert space structure of H': for any
sequence of functions f; — f,

: 2 . 2 2 : 2 2
limsupl||fi - fII = limsup(|lfill” = 2{f, fi) + I /1) = limsup | fil|” — |l f[I*- (2.24)
6This definition holds regardless of choice of representative from the equivalence class, due to Lemmam
By

7Recall from Remark|2.17|that the norm of a 7-core is well-defined.

11
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(The liminf version appeared earlier in these notes too!) This says that in the limit, subtracting the
weak limit reduces the norm. Now let Py C P be any finite subset. Consider

Vg = U — Z Ty P

[$lePs

here ¢ is the shape of cj;) and ¥’ its progression. Since P is finite, the sum is well-defined up to a

choice of representative from each equivalence class. If [1/7] € P\ P, then by definition lﬁj_ $for every
[({;] € Ps. Therefore, if i has shape 1 and progression @, we have

Twy Z Ty | = Z Ty-w P — 0

[blePy [plePy

as the sum is finite, and hence 7_,, vy — 1 also. Thus we have, by (2.24),
0 < limsup|lvg - 7, YII* = limsup [lvg|I* - 91>

Note that the conclusion 0 < limsup |[vi||* - ||¢||* is reached regardless of the choice of representatives
from each equivalence class. By induction, this shows that for any finite subset P¢

timsupllugl® > ) @I
[#1ePy
This uniform boundedness over finite sums implies then

1. P has at most countably many equivalence classes; and
2. the possibly infinite sum over the entire P is well-defined and also bounded by limsup ||u]|?.

O

The Lemma provides a powerful control on the sizes of the t-profile subordinate to a sequence if;
however, it does not guarantee that a formal sum of the form

Z Pr (2.25)
[pleP

converges. (Here we are considering k as fixed, and that the sum is over all equivalence classes in P,
with a representative arbitrarily selected for each class.) This is because that formally, the Hilbert
space norm of the above sum would look like

2
)t = Z||[‘5]||2+ ) (e

[$leP [¢]eP [$)1FleP
([#)=(6]

The first term, the diagonal sums, are controlled by Lemma The second term, the cross sums,
may never-the-less be unbounded. At issue is the fundamental fact that on the infinite sequence space,

12
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the ¢! norm is strictly stronger than the £ norm, and so the bounds provided by Lemma m (as
opposed to one is given through an ¢! sum) is not enough for norm-convergence.

However, we see in some sense that “in the limit” as k " oo the cross sums should drop out: this

is because the progressions for l,l_f and (i_; are supposed to diverge with their distance tending to
infinity, whenever we are looking at two representatives from distinct equivalence classes, due to the
t-orthogonality assumption. So our expectations is that at least eventually (in the sense that k — co0) a
formal sum of the form should be meaningful.

The following Selection Theorem makes precise this intuition. In fact we prove something stronger:
that there is a way to choose representatives in such a way that, for that specific choice of representatives,
the sum (2.25) converges in H'! for every k. Furthermore, this convergence is uniform in k.

Theorem 2.26 (Selection Theorem). Given a bounded sequence i in H' and a t-profile P subordinate to
it. Then there exists a choice of representatives [(j;)] — 4;)for each of the equivalence classes in P, such that

k (d Z (i)k
[fleP

converges in H' and uniformly in k; the latter means that for every € > 0 there exists a co-finite subset
P’ C P such that, with the specified choice of representatives,

supl 3 o

jary

[¢leP”

<E€.
H!

Remark 2.27. Note that the theorem is automatically true if P is finite, due to the comparability
of all 7 norms in finite dimensions. At issue is only the situation when there are infinitely many
equivalence classes inside P.

Proof of Theorem[2.26] Our strategy is to start with an arbitrary choice of representatives for each
equivalence class. We then, in order, adjust each representative in such a way that the tail of their
corresponding progression remains unaffected; in this way the adjusted 7-core remains clearly in the
same equivalence class. We claim that an iterative adjustment of this sort can guarantee the required
summability.

For convenience, assume an initial choice of representatives have been made. Since P maybe assumed
to be countably infinite (the finite case is trivial), we enumerate the corresponding shapes as ¢, with
a €N, and the corresponding progressions as y;'. Note that since the profiles correspond to mutually

T-orthogonal equivalence classes, we must have that whenever a = g that [y —y,’fl — +oo0. In particular,
this shows that fixing a # , we have that

<Tygqba,fyf¢ﬁ> — 0. (2.28)

This equation allows us to make the following definition of a function J : IN — IN.

Sy 1 .
J(y)= mln{] eN: Z |<Tyl‘:¢a; Ty£¢ﬁ>| < ; Yk > ]} (2.29)
azf
a,f<y

13



Compactness and Non-compactness MTH 849: PDE2

Notice by definition that J(y) is increasing, and finite for each y.
For each a, we will define a new progression {z}}} using the following iterative procedure: we will
assume that {z]’f} has been defined for all 8 < a.
1. For k > J(a), we will set z;' = p7'. This ensures T2 Pa ~ Tya P
2. For k <]J(a), select z sufficiently far from zf, for every B < a, to ensure that
1 —-a
Z|<rzf¢ﬁ,rzg¢a>l <52 (2.30)
p<a

It remains to verify that this choice ensures uniform convergence. We will show that for every € > 0,
there exists some y such that
|3 v e
a>y

holds for every k. Since we are working in a Hilbert space, we can write the left hand side as

D (b tpdp) =) Itgdallin+ ) (tarba o).

a,p>y a>y a,p>y
azf

2
<€
H!

We treat the diagonal and off-diagonal sums separately. For the diagonal sum, using Lemma we
see that choosing y sufficiently large can ensure that it is < %e.

For the off-diagonal sums, we will split it into two parts. Recall that for now we are considering k to
be fixed but arbitrary. For each &,  that occur in the sum, we can ask whether J(«) and J(p) is larger
than k or not. We treat separately the case where both J(a) < k and J(p) < k, and the case where at least
one is > k.

Where at least one is > k, we can without loss of generality assume « > . And since ] is increasing,
this guarantees that J(a) > k. Then the corresponding sum is (doubled to account for the case > «)

2| Y (epdargdp|<2 ) [(epdatsdp)
a>p>y k a>p>y k
J(a)>k J(a)>k
<2 Y [Z <rzgq>a,rzﬁ¢ﬁ>]]
atf(@)ok\f:p<a ‘
a>y

the inner sum we can control using our earlier construction: by (2.30) we find

<2 Z Loaclyy
2a V4
a>y
J(a)>k

When both J(a) and J(B) are < k, we will apply the definition (2.29) for the function J. For each k,
define xy = sup{x : J(x) < k}. (Note that ky may be co; we will pretend it is finite for now, and hence «

14
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is in fact defined by a max and J(x() < k also; the infinity case requires some minor modifications left
to the reader.) As k > J(x(), this means, since | is increasing, that «, < x implies J(«), /() < k. Since
kg is defined by a supremum, the reverse implication also hold. Hence the sum

Z (formula ) = Z ( formula ).

a,p>y y<a,f<Kg
azfp a#f
J(@),J(B)<k

So applying (2.29) and noting that when k > J(a),J () we have z} =y and z]’f = ;uf by construction,
we conclude

1 1
(T2 o, T ﬁ¢/3> S—=<—.
a;y k % Ko Y
azf
J(a).J(B)<k

Putting the two parts together, we have that the off-diagonal sums are bounded by % + %2_7’ < % So

choosing y sufficiently large such that % < %e, we can combine with the estimates on the diagonal
term to prove uniform convergence. O

Remark 2.31 (Notation). In view of the Selection Theorem, whenever P is a t-profile subordinate to

=
some bounded sequence i of H! functions, we will write }_P for the sequence of H! functions given
by the formal sum (2.25), which we can assume to converge due to a good choice of representatives.

Remark 2.32. We have actually proven more than we claimed. The argument above is based on
providing precise and decaying control on the size of the non-diagonal terms, and hence it in fact

shows that .
[Pz = " NGE,
[p)eP

We conclude this section with a discussion of maximal 7-profiles.

Lemma 2.33. P is a maximal T-profile subordinate to the sequence iP.

Proof. First, let [(5] € P, with shape ¢ and progression . We need to show that T_»iP — ¢. Using
the uniform convergence of the sum iP, we can find a finite subset P’ C P containing [q[_;] such
that ||i73’ - iP”Hl is arbitrarily and uniformly small. The finite sum 7,3727?’ can be written as

¢+ T_zy_)(P' \ {[(l_;]}) The due to the pair-wise t-orthogonality of the classes in P, the latter sum can
be expanded into a finite sum of terms weakly convergent to 0. A standard argument shows then

T_»iP — ¢ as desired, this shows that P is subordinate to iP.

Next we need to show that P is maximal. The argument is largely the same as the previous paragraph.
Fix ¢ such that it would be orthogonal to the progressions of all classes in P. It suffices to show that

T,iiP — 0. As above, we first note that iP can be arbitrarily well-approximated by a finite sum
iP’. For the finite sum we note that the orthogonality of § implies T—ﬁip' — 0, as a finite sum of

15
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terms each of which are weakly convergent to zero. Together a standard argument shows the desired
conclusion. m

Corollary 2.34. Given a bounded sequence i in H', and a subordinate t-profile P. Then P is non-maximal
if and only if it — iP admits a non-empty subordinate t-profile.

Proof. The forward implication follows from the previous Lemma: if P is non-maximal, there exists
a t-core orthogonal to P, with shape ¢ and progression ¥, such that 7_si/ — ¢. But by the previous

lemma we have 7_5¥ P = 0. This shows that ([P € Pliz- Y7

For the reverse implication, we need to show that if {[(ff]} € Pplir- )iP], then [qg)] 1P Suppose not,
then there exists [(] € P such that, writing 7 and Z the progressions of ¢ and i respectively, that '~ 2
has a bounded subsequence indexed by C. Using Heine-Borel, by taking a further subsequence we
may assume (¥ — 2) o C converges to w. By hypothesis, 7_z(if — iP) — 0. Then so does the subsequence
indexed by C. The strong convergence of ¥ — Z implies (similarly to the proof of Lemma that
(T—f(i_ iP)) o — 0 also. On the other hand, that [¢] is a T-core of a T-profile subordinate to if — yP

implies that 7_(if — iP) — ¢ # 0. This gives a contradiction. And so {[q?]} is T-orthogonal to P, which
implies by the previous lemma that T_»iP — 0, and hence {[qE]} € Plif] and so P is non-maximal. [

§2.3 Concentration Compactness.— Intuitively, in view of the Selection Theorem, what we would

like is to start with a bounded sequence if of H! functions, find a maximal t-profile subordinate to 7,
—

and hope that i — ) P is a sequence that 7-weakly converges to 0. This, however, is too naive.

Example 2.35. Fix ¢ € H!. Let uy, = 0 and uy,,; = ¢. Then i/ is bounded. Let ¥ be an arbitrary
sequence. If a subsequence y'o C diverges to infinity, then the subsequence (L}yﬁ’) oC — 0. Soif T_yil
were to have a non-trivial weak limit, it must remain bounded. Let w be an accumulation point of the
“odd” subsequence of 7. Observe then

(T, T )

is both frequently zero and frequently near the value ||¢||*>. And so we’ve actually shown that there
can be no t-profiles subordinate to .

On the other hand, one also sees that |[u||» 4 0, and so by Theorem we see that u; does not
t-weakly converge to 0.

In a sense, this is not entirely unexpected: recall that Banach-Alaoglu Theorem only guarantees that
a bounded sequence has a weakly convergent subsequence. And indeed, in the example above, the
“even” subsequence is identically zero, and the “odd” subsequence has a maximal 7-profile with a
single element, the equivalence class of the constant sequence ¢y = ¢.

What we want, then, is to incorporate considerations concerning subsequences into our discussion.
To facilitate this, we first make the following easy observation: If i/ is a bounded sequence with a

subordinate t-profile P, then given any subsequence i/ o , the T-profile Q := {[(Eo Cl: [(5] € P}is
subordinate to i o . We will say that Q is the inherited t-profile.

Definition 2.36. Given a bounded sequence i, a subordinate 7-profile P is said to be hereditarily
maximal if for any subsequence if o C, the inherited 7-profile is maximal in P[ifo C].

16
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The importance of this concept is captured in the following technical observations.

Lemma 2.37. Ifa bounded sequence if in H' does not t-weak converge to zero, then there exists a subsequence
il o C admitting a subordinate non-empty t-profile.

Proof of Lemma[2.37} By Propositionwe can find a sequence ¥ of points such that 7_gif does not
weakly converge to zero. Noting that every subsequence of {r_,, u} is a bounded sequence in HY,
and so by Banach-Alaoglu has a weakly convergent sub-subsequence, we see that if every weakly
convergent subsequence were to weakly converge to 0, then 7_, uy — 0 necessarily. Hence the
contrapositive of this argument implies that at least one weakly convergent subsequence converges to
something that is not the zero function. This provides the desired subsequence and its t-profile. [

Combining Lemma 2.37|with Corollary we find:

Corollary 2.38. Given a bounded sequence il and a subordinate t-profile P. We have if — iP 50 if and
only if P is hereditarily maximal.

The main result in this section, and the main thrust of the concentration compactness argument, is the
following refinement of the classical Banach-Alaoglu Theorem.

Theorem 2.39. Given any bounded sequence if, there exists a subsequence v'=ifoC and a t-profile P € P[V]
that is hereditarily maximal.

Proof. The strategy is a simple refinement/diagonalization argument. At each stage, we keep a
subsequence 7 of i/ (initialized to i), together with a t-profile P (initialized to the empty set). If P is
not hereditarily maximal, then we can refine to a new subsequence 7’ for which the inherited 7-profile
can be enlarged to P’. Repeat now with (¢v/,P’) as the new (v, P).

If this process terminates in finitely many steps, we will have obtained a desired pair. The main
question is: “what happens when the process continues indefinitely?” Specifically: how can we extract
a limiting pair and guarantee that the limiting profile is hereditarily maximal?

To ensure this, we will add new 7-cores to our collection in a way that is roughly “decreasing in size”.
To help this, let’s define the following function: given a bounded sequence of H! functions v, let

w(?):= sup{||[q§]|| : {[(5]} € P[w], W is a subseq. of 17} (2.40)

Our algorithm for constructing ¥’is as follows:

1. START: set v=1u, P=0,and n = 0.
2. IF: P is hereditarily maximal, return (v, P).
ELSE: increase n by 1 and continue.

3. Since P is not hereditarily maximal, by Corollary we find w(v'— iP) > 0. There then exists

-

a subsequence of 7'— iP, indexed by C, and a corresponding {{¢]} such that

F = Sw(-£P)

We can ensure that C acts as the identity for the first n terms.

17



Compactness and Non-compactness MTH 849: PDE2

4. Replace v'by v'o(, and replace P first by its inherited profile on 7o C, and then enlarge it by
adding to it {[(5]}.
5. RETURN to step 2 and repeat.

By the built-in diagonalization, in the case this algorithm runs indefinitely, since the first n terms of
all the sequences involved are fixed after the first n steps, we have well-defined limiting sequences. It
remains to show that this limiting sequence is hereditarily maximal.

To prove this, notice that the output of w is non-increasing from one iteration to the next (using

the same argument as the proof of Corollary . Next, notice that limsup |lvy — ()iP)VIIH1 is also
decaying from iteration from the next (as a consequence of (2.24), and the fact that we are passing to
subsequences). So by Lemma|[2.23} it must be the case that the output value of w tends to zero as the
number of interations tends to infinity. But this implies then that, for the limiting v and P, it holds

that w(v'— iP) = 0, which implies that the limiting P is hereditarily maximal. O

§2.4 Optimizer for the Gagliardo-Nirenberg-Sobolev inequality.— Now we use Theorem to
solve the minimization problem for the Sobolev inequality H' < L7 on RY, with d > 3 and g € (2, dz—_dz).
As discussed before, we are interested then in finding a minimizer to the optimization problem

minimize ||u||g1 under the constraint ||ul|;q = 1.

Let i be a minimizing sequence. Applying Theorem we may assume, after extracting a subse-
quence, that if has a hereditarily maximal subordinate t-profile P. By Corollary this means that
- iP =0, and hence by Theorem we have that ir — iP converges to 0 strongly in L. From this
we conclude that lim |[Y_P||;¢ = 1.

On the other hand, by Remark|2.32|we have that liml|i77||i[1 = 2[47]67’ ||[({;]||12{1 Applying Lemma |2.23

- =
we get then lim ||Z77||§I1 <lim ||Lﬂ|12_11 Since i is minimizing, this must be an equality. And hence ) P
is itself a minimizing sequence.

What we will show next, is that in fact, ? must have cardinality 1. If this were the case, let ¢ be the
shape of an representative of the unique element in P. As the ratio

IEPles _ [l
ISPl 1Pllee

is the constant sequence, for iP to be minimizing this would mean that this shape ¢ is itself an
optimizer for the Sobolev inequality.

We will establish finally that PP contains exactly one element through several technical (and mostly
elementary) lemmas. For convenience we will denote C, by the optimum constant for the inequality
llullzs < Cullullg.

Lemma 2.41. Given 0 <p < g < oo, and X a set of non-negative real numbers, then

zxp]w Z[qu]w,

xeX xeX

whenever the sums are well-defined. Furthermore, equality is achieved only when X contains exactly one
non-zero element.

18
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Proof. By scaling homogeneity, we can assume that the right side equals 1. This means that each x € X
is < 1. And hence x? > x4, with equality only when x =1 or 0. Thus ) ,.xx” > 1 with equality only
when exactly one element is non-zero (and equals 1). O

Lemma 2.42. Given real numbers x,y, and q € (1, 00), there exists a universal constant C, such that
e+ 917 =t = 917 < Co (17 g + Iyl ),

Proof. The inequality is trivially true if any one of x,y,x +p is zero, with the constant C; = 1. So we
will assume that none of the three vanish. By scaling homogeneity we can assume y = 1. So we are
down to proving

11 +217 - 317~ 1] <yl + i)
Consider the function
T x| —x]T -1

flx)=

|[ + |9~
Near x = 0, the numerator is differentiable with derivative q. The denominator satisfies
>2
el e i
lim ——— = g=2
x—0t X
+o0 g€(1,2)
-1 >2
- xl e 1
lim ——=3-2 g=2
x—0~ X
—oc0 q€(1,2)

So by L'Hopital’s rule, f is bounded near the origin, and continuous away from the origin. Near
infinity, we have the numerator satisfies

1+ x|
| | ~1+1 = [1T+x]7—x]7-1 quxquzx.
| x| X

This shows that f is bounded near infinity. By continuity the result follows. O

Corollary 2.43. Given a finite set of real numbers X and q € (1, 00), there exists a constant C dependent on
q and the cardinality of X such that

I

xeX xeX

<C Y "yl

x,peX
X#Y

Proof. We argue by induction using the previous lemma, and the observation that |x +ylT < C(|x1 ! +
[y|~1) for some C depending on q. O

Lemma 2.44. Given any finite subset P’ C P, we have that limlliP’Ilzq = Z[qﬁ’]ep' ||[$]||zq.
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Proof. For convenience, index the shapes as ¢, and progressions as y; for a € {1,...,N}. Then by
Corollary we have

q
q
|||nyg¢a "= gl
a [24
The translation invariance of the Lebesgue measure implies

= q_l
C J Y Ipal [T, o gl dx.

azfp

<C [ Y lnpdalt e bl d

a#fp

When a # 8, we have that |y,’<g ~y¢| — +oco and hence |Ty/3 " ¢pl — 0. As the sum is finite, this shows
k 7k

that
q q
|2 ally, = Dt all
a a

Corollary 2.45. lim [ZPIlf, = ¥ g0 NI

— 0. O

Proof. By uniform convergence from the Selection Theorem and Sobolev’s inequality, we have
iP also converges uniformly in L9. So given any € > 0, we can find a finite subset P’ such that

IEPIE, - NP, | < €.

By Lemma and the Sobolev’s inequality, we can further ensure, by enlarging P’ if necessary, that
> N, <€

[PleP\P’

Y M@l <e.

([§leP\P’
By Lemma we see that there exists ky such that for all k > kg

For € <1 this further ensures that

q -.
“j Yoo, - Y | <en
([$leP” [$leP”
Combining everything we find, if k > kg,
q -.
|1| Yool - D g < 3en.
[#)eP ([§ler
Since € is arbitrary this shows our claim. O
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Now we can show that P can contain only one element. Our earlier argument, combined with Corollary
and the Sobolev inequality shows that

L=timlIZPI, = ) MgNE <c! Y g,

[pleP [pleP
We also had |
o7 =ImIZPIG = ) 95
(pleP
Combining, this shows
1/2 1/q
- 1 -
2 Bl | =& <| ) gl
[pleP [p)eP

and in view of Lemma this means that P can only have a single element.

Remark 2.46. A similar argument to Remarkshows the following fact: let Q C IR? be such that
QF is compact with non-empty interior. Then there exists no optimizer to the Sobolev embedding
H}(Q) = LY(Q).

The reason is this: first, observe that for the same reason explained in Remark the optimal
constants obey C, < C,. We first show that they are in fact equal: let ¢, be the optimizer for the R?
embedding. Let x be a smooth cut-off function that vanishes on Q¢ and equals 1 slightly away from
it. Let yx = (,0,...,0). Then we have xt, ¢. € Hé (Q), and it is easy to show that as functions on R¥,

that x7,, ¢. — 7y, . - 0. Therefore we conclude that

ety bl 1

lim ————— = —.
Tty éulle .

and this shows that C, > C,. And hence the two values equal.

But then any optimizer for the () problem will be an optimizer for the whole-space problem, and the
same strong maximum principle argument as in Remark[1.6|now shows that therefore optimizers for
the Q) problem cannot exist.

§3: Non-compactness from Scaling

I will not have time to discuss this in detail. But I want to provide you with a rough account of what
2d

happens when studying the existence of the optimizer of the Hj <> L9 embedding where g = 5.
For convenience we will work in R? (the domain case is similar, just remove the translations). As
discussed already in class, for this particular Sobolev embedding there is another obstruction for
compactness, and that is scaling. For convenience we will equip Hé with the norm u + ||Vu||;2. This
is not entirely comparable to the full H! norm, but is non-the-less a norm on the space. Most of the
ideas carry over to the full H! norm case but with some additional technical “complications” that
make the ideas less transparent.
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Define the scaling operator o u(x) = e(1=4/2)Ay (xe=1). What we find is that
IVoyullpz =[IVull;z - and  lullzs = lloyull,.

And so if you take ¢ € Cg"(le) and let uy = 0.4 ¢, you will find that this sequence (with either the +
sign) will not have any convergent subsequence in L7, even though it is a bounded sequence in H;.

This is a new phenomenon compared to the previous case where 2 < g < dzfdz.

To handle this, in addition to modulate by translations, we need to also modulate by dilations (scaling).

1. We can define the notion of (o, 7)-weak convergence for a sequence i in H}, by requiring that

for any @ € H}, that
limsup sup fV(uk —u)-V(tyo)¢) = 0.
k—oo  yeR AeR

2. We can define cores and profiles now, with respect to both ¢ and 7: a (0, 7)-core is a sequence of
the form 7, 0,, ¢; its progression will be the pair (A, yx) € R+

3. Equivalence of core is defined the same way, and orthogonality of cores is defined similarly (that
(Ak = Hies i = 2) = ©0).

4. Under these definitions, the obvious replacements for Lemmaand the Selection Theorem
[2.26]both still hold. Similarly, our main Theorem[2.39]also is true, with 7-profile replaced by
(0, 7)-profile.

5. So, the entire concentration compactness machinery works with almost exactly the same proofs
except for one thing: and this is Theorem 2.11} The proof of this theorem used as an ingredient
the Rellich-Kondrachov Compactness Theorem, which is no longer available. The result, none-

. (o,7) . .
the-less, is true: that uyy — 0 < |luy|lps — 0 for g = dz__dz. We record a proof later in this
section.

6. Using these results, we see that again we can prove the existence of an optimizer for the Sobolev
embedding using pretty much the same argument given above.
To conclude this quick exposition, we record a proof of the replacement of Theorem [2.11]

Theorem 3.1. Let if be a bounded sequence of H& (R?) functions with the Hilbert space inner produce
(u,v) = JVu -Vv. Then
(0,7)
U — 0 = ”uk”LdL—dz — 0.

We will write g = %.

Proof of <. Letp € C‘O’O(IRd) be arbitrary. Then
(Ty o0, @) = —j Ty 01, Uk AP.
Using that ¢ € C°, it belongs to L? where 117 + % =1.If uy > 0in L9, so do Ty OA 1y and hence the RHS

tends to zero. Using that Cj° is dense in Hé we obtain our conclusion, after appealing to the version
of Proposition [2.4]for the (o, 7)-weak convergence. O
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Proof of =. This direction is somewhat more challenging. We wish to follow an argument similar
to that of Theorem through decomposing our integration, but now we have to also incorporate
“scaling” in addition to translations.

The rough idea:

1. First, cut-up each u; based on its output value so we can write uy =), uy 1, where

uk(x) |uk(x)| c [e(l—d/Z)/\’e(l—d/2)(/\—1))
u =
k) 0 otherwise

2. Then decompose each 1y ) into pieces on cubes Q, ,; here p indexes a collection of congruent
cubes that cover IRY. But instead of using unit cubes, we now use cubes of side length et

3. Key idea: for v € Z, let iy = 0,1, then the corresponding piece 7 y = 0, 1 1_,. So the scaling
allows us to move between “strata”. But doing so incurs a penalty from spatial rescaling, so the
cubes we use have to be adjusted accordingly. Notice that when function has large value, we use
a smaller cube and vice versa.

4. This means that we can follow a similar argument to Theorem and identify the cube that
contains the most content of u;, and apply a (o, T) transformation to move that piece to the unit
cube at scale 0 to take advantage of the (o, T) weak convergence.

The technical implementation, however, is slightly trickier. This is because just building u; ; as
indicated above will force none of the u ; pieces to be H& functions (due to having jump discontinuity).
To account for this, we are going back to an idea you handled on Problem 7 of Problem Set 3.

Step 1: Start with = a smooth function on R, such that it vanishes when |x| > e%_l, and is identically
equal to 1 when [x| < 1. Now, for A € Z, define
E/\(X) — x[é(xe(d/zfl)/\) _ é(xe(d/Zfl)(/\Jrl))] )
We have then
* LiEax)=x;
|E,\(x)| < e(d/Z*l)(l*/\)'

* there exists a universal constant C such that |2/ | < C;
¢ Ex(x)E4pu(x) =0 whenever p > 2.

So this allows us to write u = ) ; E,(u). Additionally, we have the scaling relation
Exloyu) =0, yu.
From Problem Set 3 #7 we find that each of the Z,(u) terms are individually in H! N L*.

Step 2: Since E) (1) and E,, (1) have disjoint support for y > 2, we see that
lullfy = Y N2l
A

Now, for each A, we can smoothly partition R? into cubes of side-lengths e*. More precisely: we can
find a smooth function ¥ such that ¥ is supported on the cube [~1/4,5/4]% and equals 1 on the cube
[1/4, 3/4]d. Furthermore, we require that Zyezd Ty)é =1. Let xp, forleZandye 7% be

X/\,y(x) = Ty)?(e_/\x)'
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Noting that each x, yx, . =0if |y —z|go > 1, we can further decompose =, (u) into Zy XayEa(u), and
the fact that the pieces are mostly disjoint allows us to say

lallfa ~ ) heayZatolls.
Ay

Similarly, we also have

Va2, ~ Y IV Ealil.
Ay

By construction if u € Hé, then x, ,E,(u) is an H'(RY) function with compact support, since we
obtained it from smooth truncation. This means that we can apply the Gagliardo-Nirenberg-Sobolev
inequality to find that

xayEa()llLe S VXA Ex(w)llr2

with a universal constant. Using that g > 2 we see that
2 —_ -2
lullly < V01, supllxa, Ea ()il
Ay

Therefore, in order to prove that u; — 0 in LY under the given hypotheses, it suffices to show that under
. (0,7) , -
the assumption of uy — 0, necessarily sup, , X1,y Er(4)lla — 0.

Step 3: Arguing similarly to Theorem we find a sequence Ay, yx such that

- 1 -
X 2,0 E e (illLa > Esupl|X/\,y*:‘/\(uk)||L‘1-

Replacing if by 7_go_yif, we can assume without loss of generality that y; = 0 and Ay = 0 for all k. Now
I claim that

lx0,0E0(uk)llLa — 0.
Using that the functions are uniformly bounded, by the 2 cut-off, it suffices (using Lebesgue interpo-
lation) to show that

1X0,0Z0(1x)llLr — 0

for some p < g.
Now, let C be a smooth function with compact support equalling 1 on the support of x¢ . I claim first

that Cuy — 0 in LP. If this were the case, using that |Eq(u;)| < |ug|, we then have CEy(ug) — 0 in LP
also. The claim with x( o follows immediately.

To show that Cuy — 0 in LP, observe that since ||Vugl|;2 is uniformly bounded, that ||uy|[;¢ is also
uniformly bounded. Writing
V(Cuy) = VCuy + CVuy

we get
IV(Cuill> < liKllze IVauli> + IV El Ly llutkllLa

is uniformly bounded. And hence Cuy € Hé (Q)’), where )’ is the interior of the support of C. Rellich-
Kondrachov together with Lemma [1.7]shows then for any p € [1,4) that Cuy — 0 strongly in LP. [
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